We determine O(a) boundary improvement coefficients up to 1-loop level for the Schrödinger Functional coupling with improved gauge actions including plaquette and rectangle loops. These coefficients are required to implement 1-loop O(a) improvement in full QCD simulations for the coupling with the improved gauge actions. To this order, lattice artifacts of step scaling function for each improved gauge action are also investigated. In addition, passing through the SF scheme, we estimate the ratio of Λ-parameters between the improved gauge actions and the plaquette action more accurately.
Introduction
The MS-scheme now becomes the standard renormalization scheme for the definition of the strong coupling constant. The measured coupling constant α s in some experiment at relatively high energy is converted to α MS at some representative scale by perturbation theory. The current world average of such estimates gives α MS (m Z = 91.19GeV) ≈ 0.11. Lattice QCD calculations, on the other hand, have a potential ability to determine the the strong coupling constant from the experimental inputs at low (hadronic) energy scale. In order to compare the coupling constant obtained at low energy by the lattice calculations with α MS obtained at high energy, the Schrödinger Functional scheme has been proposed by the ALPHA collaboration [1] , and the scheme is shown to be successful. At present, the results on the running coupling constant of two massless flavor QCD are reported [2, 3] .
In the real world there are three light quarks. QCD simulations including three dynamical quark effects are thus required to understand the low energy QCD dynamics. Our ultimate goal is to estimate α MS from N f = 3 QCD simulations. Recently, CP-PACS/JLQCD collaborations have started the N f = 3 QCD simulation employing an exact fermion algorithm developed for odd number of quark flavors [4, 5, 6] . In particular, noteworthy results have been obtained in [5] : There exists strong lattice artifacts associated with the phase transition in the N f = 3 QCD simulation with the combination of the plaquette gauge action and O(a) improved Wilson quark action, while such lattice artifacts are absent for the renormalization group (RG) improved gauge action. Hence, the collaborations have decided to adopt the combination of the RG improved gauge action and O(a) improved Wilson quark action for the N f = 3 QCD simulations to obtain α MS .
As a first step of our program, we study a Schrödinger Functional coupling with improved gauge actions in perturbation theory. In particular we perturbatively calculate the O(a) boundary improvement coefficients at 1-loop level with improved gauge actions for the pure SU(3) gauge theory. Combining this with the 1-loop results for the fermionic sector [7] , we determine the O(a) boundary improvement coefficients at 1-loop, which can be used for the dynamical quark simulations in the future.
The rest of this paper is organized as follows. In Sect 2, after a brief reminder of the Schrödinger Functional scheme and its extension to improved gauge actions, we specify an action used for latter calculations, and discuss the O(a) boundary counterterm. In Sect 3 the Schrödinger Functional coupling constant is defined and formula for a determination of the O(a) boundary improvement coefficients are given. The 1-loop computation is outlined in Sect 4, and the results of the O(a) boundary improvement coefficients are summarized in Sect 5. Our conclusion is given in the last section, together with a discussion on the lattice artifact of the step scaling function.
Preliminaries

Schrödinger Functional
It has been shown by ALPHA collaboration that the Schrödinger Functional (SF) scheme is a powerful tool to probe energy evolutions of some physical quantities and to compute improvement coefficients as well as renormalization constants. In the SF scheme, the theory is defined on a finite box of size L 3 × T with periodic boundary conditions in the spatial directions and Dirichlet boundary conditions in the time direction. In the pure SU(3) gauge theory with Wilson plaquette action S[U ], the partition function in the SF scheme (in the case that T = L) is given by
where link variables U (µ, x) for gauge fields satisfy boundary conditions
Here a is lattice spacing, and C, C ′ are diagonal traceless matrices, which depend on background field parameters η and ν [8] . It is shown [1] that the minimum of S[U ] is given by the lattice background field U (x, µ) = V (x, µ), where
This background field represents a constant electric field. An extension of the SF scheme to improved gauge actions was first considered by Klassen [9] . The transfer matrix construction [10] was adopted in the discussion. In this formulation, Each boundary consists of two time slices, to achieved the tree-level O(a 2 ) improvement.
In this paper, however, we adopt the formulation proposed by Aoki, Frezzotti and Weisz [11] , where each boundary consists of only one time slice and the tree-level O(a) improvement is achieved: Dynamical variables to be integrated over are independent on the form of the action, plaquette or improved ones, and are given by the spatial link variables U (k, x) with
This formulation is implemented more easily in numerical simulations.
The background field in eq.(2.3) gives the local minimum of the theory in both cases [9] and [11] . It has not been theoretically proved, however, that eq.(2.3) is the absolute minimum for the improved gauge actions. This is checked only numerically [9] .
Gauge action
Our improved action includes plaquette and rectangle loops, and is given by
where U (C) is the ordered product of the link variables along loop C contained in the set S 0 (plaquette) or S 1 (rectangular). S 0 and S 1 consist of all loops of the given shape which can be drawn on the cylindrical lattice with volume L 3 × L. The loops involve only the "dynamical links" in the sense specified above, and spatial links on the boundaries at x 0 = 0 and x 0 = L. In particular, rectangles protruding from the boundary of the cylinder are not included. One has to choose appropriate boundary weights to achieve the 1-loop level O(a) improvement for observables involving derivative with respect to the boundary. Among various choices to achieve this, ours is given as follows.
for C ∈ P s : Set of plaquettes that lie on one of the boundaries, c 0 c P t (g 2 0 ) for C ∈ P t : Set of plaquettes that just touch one of the boundaries, c 0 for C ∈ P other : otherwise, (2.8)
Set of rectangles that lie completely on one of the boundaries, c 1 c R t (g 2 0 ) for C ∈ R 2 t : Set of rectangles that have exactly 2 links on a boundary, c 1 for C ∈ R other : otherwise, (2.9)
where coefficients c 0 and c 1 of the improved gauge action are normalized such that c 0 + 8c 1 = 1. We call c P t (g 2 0 ) and c R t (g 2 0 ) O(a) boundary improvement coefficients. So far, 1-loop coefficients c
, which include loop corrections, becomes the Choice B of [11] in the weak coupling limit. The Choice B achieves the tree-level O(a) improvement and, at the same time, the lattice background field V in eq. (2.3) satisfies the equation of motion obtained by the variation of dynamical links.
Incidentally, we discuss the O(a) boundary counterterm from a different point of view. Here, it is assumed that the plaquette loops and rectangle loops which lie completely on the cylinder L 3 × L are included in the action, and that each boundary consists of one time slice only. As explained in [1] , at order a in the pure gauge theory, there are two possible boundary counterterms, a 4 Tr{F 0k F 0k } and a 4 Tr{F kl F kl }, each of which are summed over the x 0 = 0 or x 0 = L hyper plane. Since the latter boundary term vanishes in the case of Abelian constant boundary field, in the following, we consider only the former. In this case, we have three candidates for O(a) boundary counterterms which respect lattice symmetries, 1. spatial sum of time-like plaquette loop that just touches one of the boundaries, 2. spatial sum of rectangle loop that has exactly 2 links on a boundary, 3. spatial sum of rectangle loop that has exactly 1 link on a boundary, to satisfy one condition, the O(a) improvement condition. Therefore, for simplicity, we can take a trivial weight for the term 3, and we still have one degree of freedom for the choice of the boundary terms. At the tree level, however, the background field given in eq.(2.3) must satisfy the equation of motion 1 , so that one has to take c P t = 1 and c R t = 3/2 (Choice B). Since no such an extra constraint exists for the 1-loop boundary terms, we can freely set a relation between c P (1) t and c R(1) t , which will be given in the next section.
SF coupling and O(a) boundary improvement coefficients
The SF with the improved gauge action is given by .3) corresponds to the absolute minimum of the action, and the other is the gauge fixing. For the latter, we used the covariant gauge fixing procedure outlined in [1] . The former statement is positively proved in [1] for Wilson plaquette action. Unfortunately the statement has not been proved yet in the case of the improved gauge actions, since the proof in [1] is not applicable to these cases. In [9] , however, it has been numerically checked that the background field given in eq. (2.3) corresponds to the minimum for a large class of improved actions, hence we assume this in our perturbative calculations.
In a neighborhood of the background field V , any link variables U can be parametrized by
where q µ are quantum fields. The SF coupling is defined through the free energy Γ in eq. (3.1)
where Γ ′ is the derivative with respect to η. Γ ′ 0 is a normalization constant
where γ is given in appendix A. Let us discuss the perturbative expansion of the SF coupling. If we require that c P (1) t and c R(1) t satisfy (this is possible by using the last degree of freedom as mentioned in the end of the previous section) c
and introduce c
t = c 0 c 6) then one obtains the relation between S[V ] and Γ 0
Using the eq.(3.7), the perturbative expansion ofḡ 2 SF (L) is given bȳ
where m
1 (L/a) is the 1-loop correction to the SF coupling, calculated with the tree-level O(a) boundary coefficients, and the detail of the calculation will be given in the next section. The value of the 1-loop coefficient c (1) t is determined by the condition that the dominant part of the scaling violation of m 
Calculation of the 1-loop coefficient
In the following, we choose lattice unit (i.e. a = 1). According to the unpublished note [12] , we have used I a (a = 1, 2, · · · , 8) as a basis of Lie algebra of SU (3) in the presence of the background field. Their explicit form can be found in [13] . Decomposing in a basis I a
the quantum fields q µ are Fourier transformed with respect to spatial momenta as
where the phase φ a (x 0 ) is given in appendix A. In terms ofq a µ (x), the quadratic part of the improved gauge action eq.(2.6) takes the form
with the condition
The explicit form of the inverse propagator K a µν is given in [11] , and also in appendix A.
where the determinant for the quantum field sector (the first term in the right hand side of the equation) is taken with respect to the spatial momentum p, the time x 0 , the Lie algebra sector a and Lorentz index µ. The second term in the right hand of eq.(4.6) represents a contribution from the ghost sector. Here we will exclusively consider the quantum field sector, since the contribution from the ghost sector to the 1-loop correction is same as in the case of Wilson plaquette action. Our boundary condition for the temporal component q 0 is different from that in [1] , so that the "non-uniform" contribution in the gauge fixing term remains in the inverse propagator K (see appendix A). We evaluated the 1-loop correction m Table 1 . The computations have been performed by using FORTRAN with the extended precision. As a check of our calculation, we have confirmed an independence of the gauge fixing parameter and expected symmetries before reducing the amount of the calculation [17] . We have also checked that our code at c 1 = 0 reproduces the known result of the Wilson plaquette action [18] . Furthermore, two codes written independently by the two authors have produced identical results up to about 30 digits in the range L = 6, · · · , 32. Beyond this range, we have used the faster code only.
Analysis and results
In this section we extract the order 1/L term from the 1-loop correction m t . According to the Symanzik's analysis of the cutoff dependence of Feynman diagrams on the lattice, one expects that 1-loop coefficient has an asymptotic expansion
Using the blocking method of [19] , we extracted the first few coefficients A 0 , B 0 , A 1 , B 1 and estimated their errors. Some of these coefficients are known or related to other quantities: For example, A 0 's of two different actions are related to the ratio of Λ-parameters of two actions. If the ultra-violet divergences in the SF is removed by the standard renormalization of the coupling constant, B 0 = 2b 0 , where b 0 = 11/(4π) 2 is the 1-loop coefficient of the β-function in the pure SU(3) gauge theory. If the tree-level O(a) improvement is implemented, B 1 = 0 must hold. Our main result comes from A 1 : eq.(3.9) gives c
We have first verified that our extraction of B 0 and B 1 is consistent with the above expectation. We have confirmed B 0 = 2b 0 up to 7 digits(Iwasaki), 9 digits(LW) or 4 digits(DBW2), while B 1 < 10 −4 (Iwasaki), < 10 −7 (LW) or < 10 −2 (DBW2). Since our data give expected values of B 0 and B 1 , we fix B 0 = 2b 0 and B 1 = 0 by hand, in the blocking procedure to extract A 0 and A 1 , whose results for each action are shown in Table 2 where we have added the result of plaquette action [8, 18] for a later reference.
As a further check, we extract A 0 's from the ratio of Λ-parameters between two schemes X and Y , which is given by A purely numerical number c here is given by
where A X 0 or A Y 0 is the expected A 0 of the scheme X or Y , respectively. We then find
Using A plaq 0 = 0.36828215(13) [8, 18] and the ratio of Λ-parameters 2 ,
59.05 ± 1.0 for Iwasaki action [21] 5.29 ± 0.01 for LW action [22] 1308 for DBW2 action [23] ,
we obtain the values of A imp 0
for each action, which are shown in Table 2 (A exp 0 ). We have observed the consistency in A 0 between previous known results and our calculations.
With these confidences in our computation, we obtain the main result of our paper, the 1-loop O(a) boundary improvement coefficient eq.(3.9), which is given by
where A 1 is also found in Table 2 . Finally, using our results A 0 in Table 2 , we can estimate the ratio of Λ-parameters between the improved action and the plaquette action more accurately, for the improved gauge actions and the previous result of c (1) t for the clover quark action [7] , we obtain
for the n f flavors QCD, where c
As a final remark, let us discuss the lattice artifact of the step scaling function (SSF) [20] for various gauge actions. The SSF σ(s, u) describes the evolution of a renormalized coupling under finite rescaling factor s (say s = 2)
and it has a perturbative expansion
This SSF σ(s, u) in the continuum theory is obtained by the continuum limit of the lattice SSF
Therefore we can estimate the lattice artifact of the SSF in our perturbative calculation. We define the relative deviation δ(s, u, 1/L) and expand it as
where we have set that s = 2 and δ
Here k denotes the degree of the improvement for the boundary coefficient: the tree (1-loop) value is used for k = 0 (k = 1).
The manifest form of δ (2), (6.6) and the results, including data of the plaquette action [8, 18] for comparison 3 , are given in Table  3 for each gauge action. Figure 1 (Figure 2) shows that the 1-loop deviations with the tree-level (1-loop level) O(a) improved boundary coefficient vanish roughly linearly(quadratically) in 1/L as expected. As is evident from Figure 1 and Figure 2 , at 1-loop level, the lattice artifact for the renormalization group improved action (Iwasaki or DBW2) is comparable to or larger than that for the plaquette action, while the LW action is the least affected by the lattice cutoff. However, one can not conclude that the LW action is the best choice for numerical simulations, where the lattice artifacts of higher orders in u or a may not be negligible. 
A Inverse propagator
Here, we give the explicit form of the inverse propagator. We choose the lattice unit (i.e. a = 1) and set T = L.
Rectangle w dbc = 3/2 for the choice B [11] . Table 6 : R a 2 , C a 2 and S a 2 for SU(3).
